We have two goals: First, by building upon the works of Katz, Hida, and others, we construct a two-variable p-adic L-function with unbounded coe cients that interpolates the Rankin convolutions of an eigenform f (z) and the theta series of Hecke characters of an imaginary quadratic field K when the prime p is non-ordinary for the eigenform f (z). Second, by applying Pollack's theory to our two-variable p-adic L-functions, we construct a family of (single-variable) plus/minus p-adic L-functions of an elliptic curve for a supersingular prime that interpolate all the finite characters of the Z 2 p -extension of the imaginary quadratic field K.
We need the following notations and assumptions. 1. Let K be an imaginary quadratic field with discriminant D. Choose a Hecke character of K with conductor f and infinity type (u, 0), u 0.
2. Let N be some integer, and fix a prime p that is prime to N 0 = l. c. m.(|D|N K/Q f, N). 3. We let f (z) be a (normalized) eigenform of S k ( 0 (Np r ), ) with k > l where l = u + 1 for some r > 0. In addition, suppose 0 < v p (a p (f )) < 1 where v p is the normalized p-adic valuation. (In fact, because we assume a p (f ) is not a p-adic unit or 0, f (z) should be an oldform of conductor prime to p, and we can assume r is 1. More on this in 8. Most of these conditions are, in the author's opinion, not so uncommon in this area except 9. We discuss its likelihood and the reason why we believe it in remarks 6.2 and 6.9. Condition 9 (in other words, hypothesis 6.1) implies we can find some c 2 C such that h(z) =W (f (z) + cf (pz)) satisfies hh,f (z) ↵ 1f (pz)i Np = 0 (see section 6.1).
Because [K(f) : K] is prime to p, the maximal Z 2 p -extension K 1 of K contains two canonical Z p -extensions, K 
where D is the Rankin convolution. The number , a combination of some factorials and constants, is explained in proposition 6.7. This formula becomes a little more complicated when i or j is 0. This is a brief outline of the construction: first, we construct a measure whose values are modular forms much like [7] , [8] or [4] . Next, we construct a linear map from the set of modular forms to a number field using certain properties of the Hecke operators. Then, the composite of the measure and the linear map produces a distribution. Finally, we need to show that the distribution can be written as a two-variable power series, for which the condition v p (a p (f )) < 1 is essential.
The coe cients of L ⌘ f, = P b ij S i T j are not bounded, and their growth rate is given by |b ij | < 1/|a p (f )| r+s for i < p r and j < p s . (For a similar phenomenon that occurs in the single-variable case, see [12] .)
Another legitimate question we can ask is how often we can find an eigenform f (z) satisfying the condition 3 (in other words, 0 < v p (a p (f )) < 1). Obviously, there are many newforms with a p (f ) = 0 of level divisible by p 2 . A newform f of level exactly divisible by p also does not satisfy 0 < v p (a p (f )) < 1. But, as hinted earlier, we are more interested in oldforms coming from newforms of level prime to p. More precisely, we want to study an eigenform f (z) satisfying 1. 0 < v p (a p (f )) < 1, 2. f (z) comes from a newformf (z) of level N , (N, p) = 1 (thus we can assume the level of f (z) is Np).
An even better question is,"can we find a congruent family of such forms, and does it cover oldforms attached to elliptic curves?" First of all, suppose E is an elliptic curve defined over Q of conductor N , and it has good supersingular reduction at p. Consider a newform f E (z) of conductor N attached to E, and an oldform f (z) = f E (z) f E (pz) where ↵ and are the roots of X 2 a p (E)X + p = 0. Since a p is a rational integer divisible by p, both ↵, have p-adic valuation 1/2, and f (z) is an eigenform of level Np satisfying f |T p = ↵f . This form fits the bill. (In fact, this type of eigenforms play an important role in the next section.) Also, there is a family of eigenforms f n (z) of varying weights that are congruent to f (z) modulo p given by an eigencurve. (In other words, these are the eigenforms corresponding to the points close to the point corresponding f (z) on the eigencurve attached to the universal deformation of E[p].) These eigenforms also fit our description. In fact, these are the family of eigenforms we are interested in for our future work. (But, we should hasten to emphasize this is clearly not the goal we are pursuing in this paper lest the readers might be confused.) Remark 1.2. In the condition 7, we assume that if has infinity type (0, 0), then ⌘ does not factor through any Dirichlet character through the norm N K/Q . We use this condition to make a certain theta series a cusp form. But, the author thinks that we can remove it. See our upcoming publication [9] .
1.2 Plus/minus p-adic L-functions for elliptic curves.
Pollack had a brilliant idea to obtain p-adic L-functions with bounded coe cients from the unbounded p-adic L-functions produced in [12] (see [15] . A brief sketch of his idea is given in section 8.1). In fact, his method produces two p-adic L-functions for an elliptic curve, the plus/minus p-adic L-functions. (His technique can be applied to any newform f (z) with a p (f ) = 0, but for the present purposes, we will limit our discussion to elliptic curves.)
Note that his construction works for single-variable p-adic L-functions. It would be desirable to construct two-variable plus/minus p-adic L-functions (in fact, the author believes that there exist four functions, two-variable ±/± p-adic L-functions), however the author failed to do that despite considerable e↵ort. Nonetheless, applying Pollack's method to our two-variable p-adic L-functions produces the following result which seems to cast light on the direction our future work should take.
Let E be an elliptic curve defined over Q with conductor N where N is prime to p. Suppose E has good supersingular reduction at p, and furthermore, suppose a p (E) = 0. If E has supersingular reduction at p, then p|a p (E). By Hasse, the Archimedean absolute value of a p (E) is less than or equal to 2 p p,
thus if E has good supersingular reduction at p and p > 3, then a p (E) is always 0. Hence, we can see that the condition a p (E) = 0 is not so restrictive as it seems. (Also, Elkies proved that there are always an infinite number of supersingular primes for a given elliptic curve over Q. See [1] .)
As before, we assume K is an imaginary quadratic field with discriminant D. Because we will use a weight 2 modular form, choose a finite Hecke character of conductor f (in other words, its infinity type is (0, 0)). Assume p is prime to |D|N K/Q f. We let f E (z) denote the newform of level N attached to E, and let def = Gal(K(pf)/K). Suppose p is prime to the order | |. Assumē
Suppose p splits completely so that pO K = pp. We let p ⇢ denote the inertia subgroup of p, and p ⇢ denote the inertia subgroup ofp. Let ↵ 1 and ↵ 2 be the roots of
. Similar to hypothesis 6.1, we assume hypothesis 8.1 which claims
Lastly, we assume hypothesis 8.3 which claims that
Np is an algebraic number. This seems reasonable because it is true if L ⌘ fi, ( ) (for either i = 1 or i = 2) is non-zero for any finite character . (On the other hand, if L ⌘ fi, ( ) = 0 for every finite character , the whole endeavor seems rather pointless.)
The main result of this section is that we can produce a family of plus/minus (single-variable) p-adic L-functions indexed by ⇣ p n for every n 0 and every primitive p n -th root of unity ⇣ p n that interpolates every finite character ofZ def = Gal(K 1 /K). In the following, we quote our main result (theorem 8.4) almost word by word. In what follows, is a finite character ofZ determined by ( 1 ) = ⇣ p n and ( 2 ) = ⇣ p m where 1 and 2 are the chosen topological generators mentioned in section 1.1. Theorem 1.3. Let ⌘ be a character of . To simplify the statement, assume ⌘ is trivial on neither p nor p. Let ⇣ p n denote any primitive p n -th root of unity. Recall the constant F of proposition 6.7. There is some fixed t 2 Z such that
for every even m 0.
for every odd m > 0.
When ⌘ is trivial on p or p, the statement requires only a small (but not insignificant) modification. See section 8.3.
Eisenstein series.
It is somewhat important to note that our notation for the Eisenstein series is di↵erent from the standard one, a mistake caused by the author's oversight. For a positive integer m, N > 2, and a 2 Z/N Z, we definẽ
m, if ( 1) = ( 1) m , and 0 if not, but the 0 case does not concern us). We may simply write E for E m, when there is no danger of confusion.
3 Modular forms attached to Hecke characters.
First we review the theory of modular forms attached to the grossencharacters of type A 0 . Let F be a number field, and let be a grossencharacter of type A 0 of F . In other words, is a homomorphism from the group of fractional ideals relatively prime to some
. The smallest f with this property is called conductor of , denoted by f , and ! is called its infinity type. We put (a) = 0 if an integral ideal a is not prime to f . The following theorem is by Hecke.
be an imaginary quadratic field with discriminant D < 0. Let be a Hecke character of K with conductor f such that ((a)) = (a/|a|) u for a ⌘ 1 (mod f ) where u is a non-negative integer. Then
where D is the character given by the Kronecker symbol D · and 0 is the Dirichelet character given by
be a real quadratic field with discriminant D > 0 and let ⌧ be the non-trivial element of Gal(K/Q). Let be a Hecke character of K with conductor f such that 
Eisenstein measure
Throughout the paper we fix a quadratic field K with discriminant D, a prime p prime to D, and a Hecke character of K whose conductor f is prime to p. Additionally we assume p is prime to |I(f)/P f |. We assume 1. if K is imaginary, the weight of is (u, 0) (u 0).
Recall from theorem 3.1 the Dirichlet character 0 associated to . We define a norm
] by |f (q)| = sup(|a n |) where f (q) = P a n q n and |a n | is given by the usual norm of C p .
Let M be an integer prime to p and v be a positive integer. For each positive integer m, we recall that we define an Eisenstein series E m,M p v (a) (see section 2). It is clear from the definition that the coe cients of the q-expansion of E m,M p v (a) are integral except the constant term. Fix an integer b > 1 prime to Mp, and define.
which is clearly integral. Other terms are clearly integral. 
, and 0 otherwise. On the other hand, for in the statement, we have
from which our claim follows. Case 2. Suppose m is odd. The argument is necessarily similar to Case 1. Let S 0 be the set of the odd Dirichlet characters modulo N . Note that |S| = |S 0 |. Then, for the abovementioned , we have
, and
, and our claim also follows.
We define
and respectively,
Since p is prime to |I(f)/P f |, there is a decomposition Z ⇠ = ⇥Z where is the unique finite subgroup andZ is the subgroup isomorphic to
We may consider as a subgroup of Z i,j (resp. Z n ) for each i, j (resp. n). Then, we definē
where a runs over all integral ideals that belong to the class c (similarly, we define ✓ f(p n ) ( , c)). Fix a positive integer M , and ! be a character of (Z/M Z)
⇥ . Let M 0 be a multiple of M and k be an integer such that
and respectivelỹ
Two things are clear:˜ b m ( , !, c) does not depend on the choice of k and M 0 , and for any p i
and respectively˜ Let v be the integer such that
. Let˜ be a finite character of Z i,j (resp. Z n ), and let 0 be a Dirichlet character given by
where a runs over all the integral ideals prime to fp ipj (resp. f(p n )).
If K is imaginary, we assume either u > 0, or u = 0 and˜ does not factor through a Dirichlet character by the norm N K/Q . (If K is real, the condition stated at the beginning of the section is su cient.) Then
Proof. We will prove (a) in the split prime case. The proof for the inert prime case is similar.
from which (a) follows. If u > 0, ✓˜ is a cusp form by Theorem 3.1. If˜ does not factor through a Dirichlet character by the norm N K/Q , again by Theorem 3.1 ✓˜ is a cusp form, thus (b) follows.
where c runs over the cosets of P i,j (resp. P n ) that are equal to c inZ i,j (resp. Z n ). Similar to proposition 4.3 (b), we suppose that if K is imaginary and u = 0, ⌘ does not factor through a Dirichlet character by the norm N K/Q . Let be a character ofZ i,j (resp.Z n ). Remark 4.4. We assume that ⌘ does not factor through a Dirichlet character when u = 0 because we need ✓ ⌘ to be a cusp form. The theta series of a finite character (i.e. u = 0) is not necessarily a cusp form (although a newform) unless it does not factor through a Dirichlet character.
But, we discovered that we can use the fact that a modular form is a sum of a cusp form and an Eisenstein series (a fact used by Hida), thus we can forego the condition. We plan to write a short paper about it.
It easily follows from proposition 4.3 that
Thus we obtain the following.
where O is the ring of integers of some number field containing the values of and !.
The proof is clear, and the integrality is obvious from the construction. 
We may also use the notation T m for T (m).) For any r s 0, we define (c) Let R be any commutative ring. Let n be a positive integer bigger than 1, and be a (not necessarily primitive) Dirichlet character modulo Np n 1 .
It is obvious that the right side is contained in the left side and the right side is a disjoint union. We will show the other inclusion.
Equivalently, it is su cient to show
We note that an element of
Then we can check
, thus (a, p) = 1. Also Np r m |c, thus there is a unique 0  i < p m such that aiN p r m + c ⌘ 0 (mod Np r ). For such an i,
(c) Since is a character of (Z/N p n 1 Z)
A construction of a linear form on the space of cusp forms
Where f, g are modular forms of weight k and level 0 (M ) for some integer M , and at least one of them is a cuspform, we define the Petersson product
Since a cuspform decays exponentially at every cusp, this integral is well-defined. Also, it is well-known that the Petersson inner product is Hermitian and nondegenerate on the group of cuspforms
all but a finite number of primes l}.
By Hecke, Miyake, and others, it is well-known that there is an orthogonal decomposition
for some f i 's. Recall from the introduction that our eigenform f has 0 < v p (a p (f )) < 1, which excludes the possibility that f is a newform of level Np r , thus it is an oldform associated to some newformf (z) whose level divides N . For simplicity, we may assume the level off is N . Note that the oldforms associated tõ f (z) are generated byf (p i z)
, and so on. Where ↵ 1 and ↵ 2 are the roots of X 2 a p (f )X + (p)p k 1 , there are two normalized eigenforms among the oldforms,
Let F be a number field containing all the coe cients of f (z) and the values of , and O be its ring of integers. We put
h, and writeh
is invariant under the Hecke algebra, thus
has a finite dimension, we have the following. Proposition 5.2. There is an integer t that depends only on S k ( 0 (Np), ; O) such that for every s 0 and every
6 Evaluating the measure We define an operator ⇢ on a modular form g(z) = P a i q i by g ⇢ (z) = Pā i q i . Also, we define the Atkin-Lehner involution (or Fricke involution) W of level 0 (Np r ) and weight k by
, and T n W = (n)W T n for any (n, N p) = 1. It is also well-known that for a newform g 2 S k ( 0 (Np r ), ) (r 0) we have a n (g) = (n)a n (g ⇢ ) for any n, (n, N p r ) = 1. Thus a n (W g) = a n (g) for all but a finite number of n. ThusW g = Cg for some non-zero C. (See [6] 
. We assume the following. Hypothesis 6.1.
We need to discuss how likely this hypothesis is. Supposef (z) is a newform attached to an elliptic curve over Q. Then,
Np is a real number. If there is a fundamental domain for 0 (Np) that is symmetric with respect to the y-axis, we can show <f (z),f (pz) > Np is a real number. The only problem is that it is not always possible to find such a fundamental domain. On the other hand, some congruence groups do have symmetric fundamental domains. Nonetheless, there should be a better way to prove this hypothesis, at least in some cases.
There will be another discussion about this hypothesis from a di↵erent perspective in remark 6.9 of the following section.
Sincef is a newform of level N , we havẽ
for some non-zero C. Thus, where W is the Atkin-Lehner involution for the level Np, it is not hard to show
Because the Petersson inner product is non-degenerate, there is h 2
One consequence is that h 2 C ·f (z) + C ·f (pz) because h is orthogonal to any f i for i 3. By the calculation (1) above, we may write h =W (c 1f (z) + c 2f (pz)) for some c 1 , c 2 2 C. (The reason that we useW will become clear in section 6.2.) Indeed, if c 1 6 = 0, we can assume c 1 = 1. Hypothesis 6.1 prevents the possibility that c 1 may be 0.
Thus, we can write
for some c 2 C.
Proposition 6.3. For any g 2 S k ( 0 (Np 1+s ), ) with s 0 we have
Proof. We borrow notations from section 5. We have
By applying proposition 5.1 and the idea used for it we can check that for any r 1,
.
Evaluation of the measure
For any s 0 we define a trace operator
where runs over representatives of
Definition 6.4 (Eisenstein series).
Let N 0 and m be positive integers. Where
In particular, we use the notation J m,N0 (z, ! 0 ) when s = 0. This series has an analytic continuation to the entire complex plane for the variable s. Also we need the notion of the Rankin product.
Definition 6.5 (Rankin product).
For a cuspform f of weight k and a modular form g of weight l < k (both are modular forms of level N ), we define the Rankin product
where ! is the product of the characters of f and g, and a n and b n are the coe cients of the q-expansions of f and g.
As defined in section 6.1, f (z) = f 1 (z) is an eigenform of S k ( 0 (Np), ) given by f 1 (z) =f (z) ↵ 2f (pz) and f 2 (z) =f (z) ↵ 1f (pz) for a newformf (z) of level N , and h(z) =W (f (z) + cf (pz)) (for some c 2 C) is a modular form satisfying < h, f 2 > Np = 0. Until we consider a special case at the end of this section, we assume hypothesis 6.1.
we have
Proof. This follows from proposition 6.3 because < g, Tr We recall from corollary 4.5 that is a character ofZ i,j (resp.Z n ), and v = i+j +2 (resp. v = 2(n+1)). We also recall other assumptions and notations from section 4. We also recall that ⌘ is a character of , and define a Dirichlet character ⌘ 0 given by ⌘. Recall l from corollary 4.5, and let m = k l. Also recall the definition of the measure b,⌘ m attached to the Hecke character and a Dirichlet character ! though and ! are suppressed in the notation. We fix ! = ¯ 0¯ D , which is necessary for l f ( b,⌘ m ) to be well-defined. Proposition 6.7. Suppose =¯ , and
(a) We have
(c) In addition, assume is a primitive character of Z i,j (resp. Z n ) and the conductor of ⌘ is divisible by p. Then, we can replacef
as we have
Applying this observation along with proposition 6.6 and proposition 4.3, we have
On the other hand, by [18] p.217 (the discussion right after the formula (22)) we have
where ✏ is the product of the characters off ⇢ | k and ✓ ⌘ | l ⌧ 0 , which is ⌘ 0¯ 0¯ 0¯ D . Since =¯ , it is equal to !⌘ 0¯ 0 . Thus by (a) our claim follows.
(c) Under the assumption, we can observe 1. ✓ ⌘ is a newform of level n 0 p v for some n 0 with n 0 |N 0 , thus we have a functional equation
for some non-zero C, and consequently,
2. For any n divisible by p, an ideal a of O K with N K/Q a = n is divisible by either p orp (resp. p). Thus, for such a, we have⌘¯ ¯ (a) = 0.
From 1 and 2, we can see that ✓⌘¯ ¯ (z) has a q-expansion whose n-th coe cient is 0 for every n divisible by p, and so does ✓
Sincef ⇢ (pz) is P nā n (f )q pn , this term can be omitted from the Rankin convolution. Remark 6.8. As for the condition of (c), the conductor of ⌘ is divisible by p if is a primitive character ofZ i,j for i, j > 0 (resp.Z n for n > 0). But there are other cases as well. Suppose p splits completely K/Q, and ⌘ is not trivial on the inertia group of p. Then, the conductor of ⌘ is already divisible by p. Thus, the conductor of ⌘ is divisible by p if is a primitive character ofZ i,j for any i 0 and j > 0. Similarly, if ⌘ is not trivial on the inertia group ofp, the condition is true for any i > 0 and j 0. Remark 6.9. As explained in the previous section, hypothesis 6.1 preempts the possibility that h(z) =W (f (pz)). Let's discuss its likelihood in light of proposition 6.7. Suppose that h(z) is indeedW (f (pz)). The same argument used for proposition 6.7 (b) shows that l
. In turn, the proof of proposition 6.7 (c) shows that D
is divisible by p. It has a somewhat strange consequence: for any primitive character of
(Even more interestingly, if the conductor of ⌘ is divisible by p, the same is true even when i or j is 0.) This is not entirely unthinkable, but nonetheless, the author finds it di cult to imagine. Now, we consider an important special case. We consider a newformf of level N , character , and weight k = 2 with a p (f ) = 0. We also assume K is imaginary quadratic, and pO K = pp, p 6 =p. Obviously, what we have in mind is a newform attached to an elliptic curve over the rational number field. (In such a case, a p is 0 for any supersingular p > 3 by the Hesse inequality, and its character is trivial.) Let ↵ 1 and ↵ 2 be the roots of X 2 + (p)p k 1 = 0, and define the eigenforms f 1 (z) =f (z) ↵ 2f (pz) and f 2 (z) =f (z) ↵ 1f (pz) as before. Similar to hypothesis 6.1, we assume Hypothesis 6.10.
Then, similar to the discussion before proposition 6.3, we can find c 1 , c 2 2 C such that h 1 (z) =W (f (z) + c 1f (pz)) and h 2 (z) =W (f (z) + c 2f (pz)) satisfy < h 1 , f 2 >= 0 and < h 2 , f 1 >= 0. We recall some of our assumptions. Let ⌘ be a character of as before. Assume ⌘ 6 = ✏ N K/Q for any Dirichlet character ✏. As we mentioned in the introduction, this condition is likely to be unnecessary. Nonetheless, we keep this assumption. Let be a primitive character ofZ i,j . Let v = i + j + 2. Proposition 6.11. If the conductor of ⌘ is divisible by p, then
Proof. Since ↵ 1 = ↵ 2 , it is clear from our preceding discussion and proposition 6.7 (c).
7 Two-variable p-adic L-functions
Distributions and p-adic power series
We will discuss when and how we can write distributions on Z n p as power series of n-variables. Actaully, we will only do the n = 2 case to save space and time, but one should be able to apply the same technique to a general case. Suppose O is a subring of C p , and F is its field of fractions. In fact, we may assume O = O Cp , and F = C . Suppose we have a distribution µ on the cosets of , and the values of µ are in F. In this section, f (r, s)  O(g(r, s)) will mean there is some positive constant t independent of r, s such that f (r, s)  tg(r, s) for any r, s, and we will say "f (r, s) is less than or equal to O(g(r, s))". (This is not a standard notation, but it makes sense, and the readers will discover why we use this notation.) In this section, | · | will be always the p-adic norm. The following is an important condition:
We will show that there is a power series
|) for i < p r and j < p s , and F ( ( 1 ) 1, ( 2 ) 1) = µ( ) for any finite character of . Write A i (X) = (X + 1) p i 1 for every i 0. We note that we can identify
is an integral linear combination of products of A i (X t ) ei 's (0  e i < p, i = 0, . . . , n 1), and this summation is unique, thus, for each r, s, we can find coe cients a(e r 1 , . . . , e 0 , f
is equal to a(e r 1 , . . . , e 0 , f s 1 , . . . , f 0 ) of F r,s . Thus, we can write down the following infinite power series
in which e r , f s > 0 for every a(e r , . . . , e 0 , f s , . . . , f 0 ). Proposition 7.1. Then, F (X 1 , X 2 ) is well-defined. In other words, we can write
And, for i < p r , j < p s , we have
Proof. First, we need to show each b ij is convergent when we expand F (X 1
Thus the norm of the coe cient of And, it is not too di cult to show that for a finite character of ,
for i < p r , j < p s , and let
is convergent uniformly in the following sense: For any ✏ > 0, there is a finite set S of the pairs (i, j) such that |b ij x i 1 x j 2 | < ✏ for any (i, j) 6 2 S.
Proof. Instead, we may prove there is a finite set S of the pairs (i,
Furthermore, we can claim that F (X 1 , X 2 ) is uniquely determined (among the power series with the same condition on the coe cients) by the values of
. We will prove the following equivalent statement.
and every primitive p m -th root ⇣ p m for every n, m > 0, F = 0. Before the proof, we need to check a few other things. First, write
The convergence of a n (x) for |x| < 1 follows from the growth condition on |b ij |, and it is not di cult to see |a n (x)|  O(1/|a p | r ) for n < p r for a fixed x. Also, by proposition 7.2, we have
and every primitive p m -th root ⇣ p m for every n, m > 0. For any real number with 1, we define S as a set of power series
] with |c n |  O( log n ). Lemma 7.4. Let g(X) 2 S , and w 2 C p with |w| < 1. Then, g(X + w) 2 S . Proof. Write g(X) = P c n X n , and assume |c n | < t log n for some t > 0. Since
We have |c m+i w i | < t log(m+i) |w| i . Since there is a real number N > 0 such that log x |w| x is a strictly decreasing function on (N, 1), we know two
◆ is convergent, and second, for m > N , the maximum of log(m+i) |w| i is achieved at i = 0. Thus for such m,
Np where , ⌧ 0 , and F are as defined in section 6.2, (c) furthermore, if is a primitive character ofZ r,s and the conductor of ⌘ is divisible by p (we discussed this condition in remark 6.8), we have
The condition =¯ is not necessary to construct the power series. Secondly, when K is real, we can apply the same technique, but instead we will obtain a single-variable p-adic L-function. We omit this discussion.
8 Two-variable plus/minus p-adic L-functions for elliptic curves
Pollack's plus/minus p-adic L-functions
We give a brief overview of Pollack's plus/minus p-adic L-functions for elliptic curves. The purpose of this section is to give the readers a quick guide to his ideas for the next section, hence we will discuss only the simplest case.
Suppose f (z) is a newform of level N ((N, p) = 1), trivial character, and weight 2, and an eigenform for every Hecke operator for 0 (N ). Most importantly, suppose a p (f ) = 0. An obvious example is the newform attached to an elliptic curve over Q of conductor N where E has good supersingular reduction at p > 3, in which case a p (E) is automatically 0 by the Hasse inequality. Throughout, we will assume we have a fixed embeddingQ ! C p , and we suppose a finite extension F over Q p contains all the coe cients of f (z). To such a form, we may attach a p-adic power series
] for a chosen root ↵ of X 2 + p = 0 (see [12] ). Since X 2 + p = 0 does not have a unitary root, L p (f, ↵, X) does not have bounded coe cients. And, there are two equally legitimate choices of ↵, so we have two unbounded power series
The construction shows that the growth rate of L p (f, ↵, X) is completely determined by the p-adic valuation of ↵. More specifically, when we write
we have that for any n 0 and i  p n ,
for some fixed C > 0 where | · | is the p adic norm. Its interpolation property is also studied in [12] . As usual, let Q 1 be the cyclotomic Z p -extension of Q, be Gal(Q 1 /Q), and fix a topological generator of . The construction shows that for a primitive p n -th root of unity ⇣ p n (n > 0),
n is the product of some constants, a Gauss sum, and L(f, 1, )/⌦ where is the finite character of determined by ( ) = ⇣ p n , and ⌦ is a period of f . Then, we can make a crucial observation that for n > 0 we have
is a well-defined power series, and it is bounded as |X| ! 1 because |G + (X)| ⇠ C 0 | log p (X)| for some C 0 > 0 as |X| ! 1 by (2) . Thus, L + p (X) is a power series with bounded coe cients. Similarly, L p (X) = G (X)/log + p (X) is also a power series with bounded coe cients. These are called the "plus/minus" p-adic L-functions.
From the construction, we can see
for every even n (thus, the notation L + p ), and similarly,
for every odd n.
Two-variable plus/minus p-adic L-functions
Let E be an elliptic curve defined over Q with conductor N where N is prime to p. Suppose E has good supersingular reduction at p, and a p (E) = 0. This holds for every supersingular p > 3 because if E has good supersingular reduction at p, a rational integer a p (E) is divisible by p, and by Hasse, the Archimedean absolute value of a p (E) is less than or equal to 2 p p, thus a
By the modularity theorem, there is a newform f E (z) of weight 2, level 0 (N ), and trivial character. In fact, our argument of this section works for any newform f of weight 2, level N , and character as long as a p (f ) = 0 and =¯ . We recall some of our notations and assumptions. We choose an imaginary quadratic field K with the property pO K = pp, and choose a Hecke character of K. Since f is of weight 2, we should choose a finite character, i.e., the infinity type of is (0, 0). Where f ⇢ O K is its conductor, assume p -| Gal(K(f)/K)|. As before, assume ¯ 0¯ D ( 1) = ( 1) m = 1. As before, let ↵ 1 and ↵ 2 be the roots of
. Similar to hypotheses 6.1 and 6.10, we assume the following:
Np 6 = 0. See remarks 6.2 and 6.9 for the discussions about these hypotheses. As in section 6.1, hypothesis 8.1 makes it possible to find c 1 , c 2 2 C such that
We recall the group Z, the inverse limit of the Galois groups Gal(K(fp ipj )/K), has a decomposition Z ⇠ = ⇥Z ⇠ = ⇥Z p ⇥Zp for a finite group . Like section 7.2, fix topological generators 1 and 2 ofZ p andZp. As before, let ⌘ be a character of such that ⌘ 6 = ✏ N K/Q for any Dirichlet character ✏. (Probably this last condition is unnecessary. See [9] .) By theorem 7.6 there are L ⌘ fi, (S, T ) 2 F [[S, T ]] for i = 1, 2, and their properties are discussed in the same theorem.
Let p ⇢ be the inertia group of p, and define p similarly. Proposition 8.2. Suppose is a primitive character ofZ n,m . By proposition 6.11, if n, m > 0, we have
The same holds for n = 0 as well if ⌘ is not trivial on p . Similarly, the same holds for m = 0 if ⌘ is not trivial on p.
Proof. It follows from proposition 6.11.
For the rest of the section, we assume
This is true if L ⌘ fi, ( ) is non-zero for any . Put
for n, m > 0. If ⌘ is non-trivial on p , the same is true for n = 0, and if ⌘ is non-trivial on p, the same is true for m = 0 as well.
By theorem 7.6, there is some C > 0 such that a ij satisfies
for every r, s 0 and every i < p r , j < p s , and 
Proof. This is more or less a direct application of the ideas in section 8. Of course, we can state theorem 8.4 with the roles of S and T reserved, but the statement is obvious, and we omit this discussion.
When ⌘ is trivial on p or p, it is no less interesting, but we only need to modify the statement a little, and we will do that in the appendix.
We constructed a family of plus/minus p-adic L-functions indexed by ⇣ p n which interpolates every finite character ofZ ⇠ =Zp ⇥Zp. We hope that we will discover two-variable plus/minus p-adic L-functions L 
Appendix
In the following, suppose ⌘ is trivial on p , and non-trivial on p. Other assumptions and notations are the same as theorem 8.4. 
for every odd m > 0. 
The readers may feel that the choice of log + p rather than log + p is not necessary or fully justified because even with log + p (⇣ p n 1), our statements still make sense. But, we did not make this choice by chance or for aesthetic reasons as we hope to explain in our subsequent paper.
The case where ⌘ is not trivial on p and trivial on p is essentially the same, and we omit it.
Finally, in the following, we assume ⌘ is trivial on both p and p.
Theorem 8.6. There is some fixed t 2 Z such that 
for every even m > 0.
